Lord Kelvin's result that waves behind a ship lie within a half-angle φ K ≈ 19
Introduction
The striking V-shaped wave pattern produced by a boat or swimming duck is familiar to all. A beautiful sight from a lakeside, it is also of pivotal importance in marine technology. Shown by Lord Kelvin in 1887 (Thomson 1887) , the result that the train of waves in a ship's wake lie within a half-angle of φ K = arcsin(1/3) ≈ 19
• 28 is one of the most famous and celebrated in the field of surface waves. Remarkably, although qualitative aspects of the ship waves depend on physical parameters, the Kelvin angle does notunder the assumptions of deep water and no shear flow, it is universal.
Recently, an investigation of ship waves by aerial photography by Rabaud & Moisy (2013) indicated that when the Froude number Fr = V / √ gb (b is the size of the wave source and V its speed) becomes high, the wake angle decreased as Fr −1 , apparently running counter to Kelvin's result. This was confirmed theoretically by Darmon et al. (2014) by noting that while Kelvin's derivation is still valid, the angle of maximum wave amplitude scales as Fr −1 , similar to the Mach angle of a shock-wave. Typically, more than 30% of a ship's energy consumption is due to wave resistance, energy propagated away via the ship's wake (Faltinsen 2005) , so understanding ship waves in various environments is highly technologically important. There are several common situations in which shear flow is of importance to surface waves (Peregrine 1976) , including wind induced drift of the surface layer of water, shallow flow over a sea bed, and in the presence of underwater currents. A model system where vorticity is assumed constant has been the a standard study (e.g. Taylor 1955) , combining nontrivial physics with mathematical tractability. While only an approximation of real situations, the constant vorticity model has been found to reproduce essentials of observations (e.g. Evans (1955)). We show in this article that when a constant vorticity S is present below the ship (hereafter called the wave source), Kelvin's angle depends on a second Froude number,
based on the shear length l S = g/S 2 . Physically, z = −2l S is the depth at which potential and kinetic energy densities of the shear flow are equal (factor 2 dropped for simplicity).
Following Kelvin's seminal work, the waves behind a moving pressure source were investigated by several authors, Havelock (1908 Havelock ( , 1919 perhaps most prominent among them -a thorough review of the classical literature is Wehausen & Laitone (1960, Sec. 13) . A more recent review is Reed & Milgram (2002) . Naturally, numerous examinations of the interaction between waves and shear currents exist (see e.g. Teles da Silva & Peregrine 1988; Peregrine 1976; Brevik 1976; Fabrikant & Stepanyants 1998; Bühler 2009 ), yet to our knowledge neither concerns how the Kelvin wake is affected by shear, although a similar problem has recently been considered by Benzaquen & Raphaël (2012) in two dimensions with particular focus on wave resistance, and for the wake behind a partly submerged cylinder, in two dimensions, by McCue & Forbes (1999) . Closest is perhaps Peregrine (1971) who considered the interaction between ship waves and the ship's own viscosity-induced wake. We shall not consider this effect in the present endeavour.
Formalism and solution of linear problem
Consider the system depicted in figure 1 in which the basic flow -a Couette flow profile -is disturbed in such a way as to produce waves on the surface of the liquid. To keep the number of parameters down we assume the liquid has infinite depth and negligible surface tension (generalisation is straightforward). This flow is essentially three dimensional and rotational, hence potential theory is not an option (Ellingsen & Brevik 2014) . We assume the liquid is incompressible and of density ρ.
We write the full velocity field as
and S 0 is the uniform vorticity. U (z) is the basic shear flow, andû,v,ŵ small velocity perturbations. When the vorticity is uniform no critical layers can form beneath the surface, see Booker & Bretherton (1967) and LeBlond & Mysak (1978, ch. 7) . We have assumed the surface of water to be at rest with respect to our coordinate system -this is easily generalised by an overall Galilean transformation. The situation considered is one in which a wave source in the form of a pressure distribution travels at a constant velocity V = (V cos β, V sin β) in the xy plane. We consider only stationary solutions as seen by the source, so that all physical quantities depend on x = (x, y) and time t only through the combination ξ = x − Vt.
We presume a periodic perturbation in the ξ plane:
with wave vector k = (k x , k y ) = (k cos θ, k sin θ). Also the pressure is perturbed from the basic distribution (the hydrostatic pressure),
The waves are produced by a constant external pressure source p ext (ξ) moving along the surface at velocity V, whose Fourier transformp(k) is defined by
Likewise the observable values of other physical quantities are real parts of their integrals over all values of k:
. We work to linear order in the small quantities u(z), v(z), w(z) and p(z) and we shall assume that viscous effects may be neglected. Inserting into the Euler equation and continuity equation ∇ · v = 0 then gives after linearisation:
Now eliminating u, v and p we obtain w = k 2 w in accordance with the Rayleigh equation (see LeBlond & Mysak 1978, p. 390) , which, when subjected to the boundary condition that w(−∞) = 0, yields a general solution to (2.5),
where A(k) is spatially and temporally constant. We define the surface elevation (relative to equilibrium)
The linearised kinematic boundary condition at the surface is ∂ t ζ =ŵ| z=0 , and the dynamic boundary condition, when surface tension is ignored, is that P (ξ, ζ) = p ext . Inserting Eqs. (2.6) and (2.7) this implies
Combining these and eliminating A(k) yields
Applying the procedure of Ellingsen & Brevik (2014) with the present formalism, one readily shows that the phase velocity of a wave propagating in direction k is unique,
Definition of angles used in the article. Polar angles are φ and θ in the ξ and k planes, respectively.
positive, and equals †
Only waves k · V > 0 can propagate along with the boat and give stationary solutions, so angles θ between β − π/2 and β + π/2 need be integrated. Let moreover ξ = (r cos φ, r sin φ). Then, with B(k) as given in Eq. (2.9),
In the limit S → 0 and β = 0, the expression due to Havelock (1919) is regained. We choose the same Gaussian pressure source as used by Darmon et al. (2014) ,
where b is the characteristic length of the pressure source and basis for the Froude number Fr = V / √ gb. We proceed like Darmon et al. (2014) to make integral (2.11) definite by means of the radiation condition. Letting all perturbation quantities ∝ e˜ t for a positive infinitesimal is mathematically equivalent to adding a small imaginary part to the velocity; k · V → k · V + i , taking → 0 in the end. The integral over k can then be evaluated using the Sokhotsky-Plemelj theorem (see Darmon et al. 2014; Raphaël & de Gennes 1996) ,
where P is principal value. The last term of Eq. (2.13) may be shown to vanish quickly as r → ∞ (Raphaël & de Gennes 1996) ; it is the surface depression near the source and is discussed in detail e.g. by Wehausen & Laitone (1960, Sec. 13) . It depends closely on the specific shape of p ext , and since it does not describe propagation towards infinity, it cannot contribute to the transportation of energy away from the source, hence it does not add to the wave resistance. We shall be interested only in the first term. The term describing the propagating wake, proportional to f (0) in Eq. (2.13), gets contributions only where the denominator in Eq. (2.9) is zero. Insisting k · V > 0 and † At finite depth h and including surface tension coefficient σ this generalises to noting k · V = kV cos(θ − β), one finds that this corresponds to
(2.14)
This is exactly the requirement for the wave pattern to be stationary as seen by the source, that the phase velocity along the direction of motion be equal to V , illustrated in the inset of Fig. 6 . Evaluating the far-term alone and letting γ = θ − β, we find
with R = r/b, and the prefactor is ζ 0 = p 0 /(4π 2 ρg). The angle γ as well as other angles used are defined in Fig. 2. 
Numerical evaluation and results
Eq. (2.15) was calculated numerically and the result is shown in Fig. 3 . Three different source Froude numbers are shown, Fr = 0.3, 0.8 and 2, to study the effect of a shear Froude number Fr s = 0.5. The case of zero shear is shown for comparison (top row), and agrees perfectly with the results of Darmon et al. (2014) . Already at this modest exploration of the parameter space a wealth of interesting phenomena is manifest. For a source travelling against the shear (β = 0) the wave pattern has larger Kelvin angle, and the transverse wavelength is longer. Both effects are opposite for motion along the shear direction (β = π), whereas the wake is asymmetric for side-on shear (β = π/2) with one side of the wake broader than the other, and the transverse waves directly behind the source propagating at an angle θ − β < 0.
Also the wave amplitude as a function of angle φ − β is plotted in panels to the right of each relief plot in Fig. 3 . By the method of stationary phase (see details in the following) one easily ascertains that ζ ∼ 1/ √ R as R 1 as required for equal measures of energy to pass through equal angular segments per unit time. Along a ray of constant φ, √ Rζ becomes a periodic function of R with a constant maximum amplitude in a period, which is plotted, rescaled by the maximum value.
Critical shear Froude number
Eq. (2.10) differs crucially from the dispersion relation in the absence of shear for long wavelengths, k → 0. When S = 0, the phase velocity scales as g/k and can be arbitrarily large for arbitrarily long waves. Here, the limit depends on the sign of k x = k cos θ. The At cos θ = 0, c(k) = g/k. Hence, for waves whose direction of propagation has a component against the shear, cos θ > 0, the phase velocity can never exceed 2g/S cos θ. On the other hand, waves for which cos θ < 0 increase in velocity with increasing wavelength as k −1 instead of the usual k −1/2 , assisted by the shear flow. An important consequence of this is that except for the direction V = (−V, 0) there always exists a critical shear Froude number above which transverse waves vanish. The critical shear Froude number can be deduced from the stationary wave criterion, Eq. (2.14), noting that when cos θ > 0 the phase velocity c(k) is bounded, Eq. (3.1). Hence the stationary wave condition cannot be fulfilled in all propagation directions if the shear Froude number is so large that V cos(θ − β) > c max = g/S cos θ, or in other words angles θ so that
The integration range in Eq. (2.15) is thus restricted by
as well as −π/2 < γ < π/2. Angles γ outside this range must be excluded from the integral in Eq. (2.15) since they cannot contribute to a stationary wake. The maximum of the left hand side of Eq. (3.2) is at γ = −β/2 so the lowest value of Fr s at which the waves in some propagation directions are too slow to keep up with the source is
We have shown some supercritical wave wakes in figure 4. As Fr s → Fr s,crit , the wavelength of the transverse waves at φ − β = π increases ad infinitum, and their group velocity approaches their phase velocity as k → 0.
Kelvin angle
The Kelvin angle φ K is found from integral (2.15) using asymptotic analysis when R 1. The integrand then contains a rapidly oscillating sine factor whose role is to limit the contributions to the integral to near its stationary points, i.e., where f 1 (γ) = 0. Indeed, by the method of stationary phase, an integral of this form satisfies (see Bender & Orszag 1991, Ch. 6.5 
provided that there is a point x 0 where φ (x 0 ) = 0 and φ (x 0 ) = 0, and a x 0 b. The integral behaves asymptotically as 1/ √ R as previously promised. Stationary phase equation f 1 (γ) = 0 amounts to picking out the propagation directions γ which makes significant contributions at a particular angle φ. Letting ϕ = φ − β (see Fig. 2 ), we plot the stationary phase solution π − ϕ(γ) as function of γ in Fig. 5 , for the parameters used in Fig. 3 .
The Kelvin angle is the largest value of π − ϕ for which a stationary point f 1 (γ) = 0 exists. It is thus independent of the source Froude number Fr (Darmon et al. 2014) , but depends crucially on the shear number Fr s . At angles φ lying strictly inside the Kelvin wedge, two propagation directions γ contribute. The one closest to zero is of transverse type, while that closest to ±π/2 is of diverging type.
We have calculated the Kelvin angle φ K numerically at different Fr s and β, as plotted in Fig. 6 . As the critical shear Froude number is approached, the sum of the Kelvin angles on either side of the wake combine to a total wake angle of π. This behaviour is closely similar to that encountered in shallow water, see Havelock (see 1908, §15) , where the phase velocity is also bounded in the long wavelength limit, albeit for a different reason. For a side-on shear current, the Kelvin angle on one side will then exceed π/2. Kelvin angles φ K are plotted as function of Fr s for different β in figure 6 . For supercritical Fr s , Kelvin angles are monotonously decreasing functions of Fr s .
"Mach angle"
The vertical panels of Fig 3 for Fr = 2 show how the wave amplitude has a clear peak at a certain angle φ − β for large Froude numbers. It was shown by Darmon et al. (2014) and Rabaud & Moisy (2013) that this angle, φ M , which we refer to as the "Mach" angle in analogy with a shock wave, scales as Fr −1 for large Fr in the absence of shear. The effect of Fr s on the scaling of φ M can be found by considering the stationary phase approxiation of Eq. (2.15),
where γ t (γ d ) are the propagation directions of transverse (diverging) wavefronts, and calculating the maximum of the amplitude with respect to φ under the assumption Fr 1, following essentially the same procedure as Darmon et al. (2014) . For large Fr one finds that the transverse waves are negligible (Darmon et al. 2014) , and by solving for the maximum of the amplitude in Eq. (3.7) we obtain
The first term is exactly that found by Darmon et al. (2014) . While the constant coefficients depend on the exact form of p ext and are not so significant, the scaling is general and shows that the "Mach" angle is hardly influenced by the shear current for large Fr.
Further discussion
Inspecting Fig. 3 , the wavelength of transverse waves is lengthened for β = 0 and shortened for β = π. Solving for stationary points at φ − β = π assuming Fr s < Fr s,crit easily yields the wavelength of transverse waves in these two cases:
where the β = 0 case assumes Fr s < Fr s,crit = 1. For a general β the transverse waves at φ − β = π propagate at an angle γ t which solves tan γ t sec γ t = −Fr s sin(γ t + β). (3.10)
When Fr s = Fr s,crit from Eq. (3.4), the solution is γ t = −β/2, which we found was exactly the angle at which the maximum velocity is first reached. In other words, the critical Froude number is the point at which the transverse waves directly behind the source obtain a group velocity which equals the phase velocity, hence cannot propagate energy away.
Concluding remarks
We have solved the linear ship wave problem in the presence of a shear flow of uniform vorticity. The Kelvin angle limiting the sector within which ship waves can propagate is no longer constant at deep water, but depends significantly on the strength and direction of the vorticity S, as characterized by a "shear Froude number" Fr s = V S/g (V is the ship's velocity, S the constant vorticity) and an angle β. Except when the ship motion is exactly that of the shear flow there exists a critical velocity V at which the combined Kelvin angle reaches 180
• , and above which no transverse waves exist, similar to the situation in shallow water. With side-on shear, the Kelvin angle on one side of the wake will exceed 90
• close to the critical velocity. The Kelvin angles grow as a function of velocity up to the critical value, whence it decreases, similar to what is found for ship waves in shallow water.
The angle where wave amplitude is maximal was shown by Rabaud & Moisy (2013) and Darmon et al. (2014) to scale as the inverse of Fr, the Froude number based on the ship size, when Fr 1. This scaling is largely unaffected by the presence of shear, at sub-leading order in Fr −1 . The solution presented in this Communication is readily extended to finite depth and non-negligible surface tension, and displays a rich set of physical phenomena for future investigation. We have benefited from discussions with I. Brevik and P. Tyvand in the preparation of this Communication.
